We introduce a theory of rectangular scaling of integer lattices. This may be used to construct families of lattices. We determine the relation between the Zaremba index ( ) of various members of the same family. It appears that if one member of a family has a high index, some of the other family members of higher order may have extraordinarily high indices.
Note that all lattice points of an integer lattice have integer components. Thus (x) and ( ) are positive integers. In Section 3 we shall generalize this de nition to other point sets.
The Zaremba index, ( ), is a recognized measure of e ciency of the multidimensional quadrature rule based on Q , the lattice reciprocal to . This lattice rule employs all N points of Q lying in 0; 1) s , N being the order of . Thus, attention has been devoted to searching in L s (N), the set of s-dimensional integer lattices of order N, with a view to nding optimal lattices of this order, that is, lattices 0 for which ( 0 ) coincides with s (N) = max 2Ls(N) ( ):
(1:4)
It is convenient to introduce a \measure of goodness" of a lattice using which one can compare lattices having di erent values of N. Our measure is based on the Zaremba conjecture that suggests that there exists a constant z s such that s (N) z s N (log N) s?2 ; s 2:
(1:5) For s = 2 the conjecture has been proved by Zaremba Zar66] . Following Kedem and Zaremba KZ74] , we assign to every lattice a value de ned by z( ) = ( )(log N) s?2 N :
(1:6) This is of course nothing more than a scaled version of ( ). However, this value is useful when examining a list that contains lattices of di erent orders N to recognize quickly those lattices which have an outstanding value of . This paper is not directly concerned with the conjectures on which such estimates are based. We note, however, that there exists a bound on s (N) of order O(N=(log N) s?1 ) Zar74] and that both the conjecture and bound are in the context of number theoretic rules; that is they are restricted to lattice rules of rank 1.
For an account of the general theory, of which this conjecture forms part, we refer the reader to recent papers by Niederreiter Nie88] , Nie92] , who has extended the theory to cover lattice rules of general rank. This developing theory is mainly devoted to existence proofs and asymptotic bounds. The present paper, on the other hand, is devoted to providing concrete examples of lattices whose reciprocal may be used to construct coste ective lattice rules. These examples seem to con rm the theory and are in compliance with the truth of the conjecture. The proof is almost trivial, whatever de nition of a lattice is invoked.
De nition 4 0 in the theorem is termed a rectangularly scaled version of , obtained by using an s-dimensional scaling factor (k 1 ; k 2 ; :::; k s ) or a scaling matrix K = diag(k 1 ; k 2 ; :::; k s ). N K =j det(K) j=j Q s i=1 k i j is called the order of this scaling.
Rectangular scaling of a lattice has several trivial and obvious properties. In particular, a set of successive scaling operations is itself a scaling operation, and the scaling operation is commutative. If B is a generator matrix for , then BK is one for 0 . When and 0 are scaled versions of one another, so are their reciprocal lattices, ? and ?
0
; the scaling matrices involved are inverses of one another.
It appears that, when one con nes oneself to the set of integer lattices, one may construct distinct families of lattices, in which each member is a rectangularly scaled version of every other member. Each family is speci ed by a unique family root lattice .
De nition 5 A family root lattice is one whose generator matrix, B, has columns each of whose greatest common divisor is 1.
Other members of the family are precisely those whose generator matrices are B 0 = B diag(k 1 ; k 2 ; :::; k s ) with k i integer. To determine to which family some integer lattice 0 belongs one takes its generator matrix B 0 and calculates the greatest common divisors, h 1 ; h 2 ; :::; h s of its columns. Then the matrix B = B 0 diag(h ?1 1 ; h ?1 2 ; :::; h ?1 s ) is a generator matrix of the family root lattice that generates the family to which 0 belongs.
We are interested in the relation between ( ) and ( 0 ).
We consider rst the scaling of only one coordinate using a scaling factor (k 1 ; 1; :::; 1) with k 1 > 1. As mentioned before, corresponding to every point x = (x 1 ; x 2 ; :::; x s ) of is a point x 0 = (x 0 1 ; x 0 2 ; :::; x 0 s ). Applying De nition 1, we nd (x 0 ) = k 1 (x) when x 1 6 = 0 (x 0 ) = (x) when x 1 = 0:
It follows from this and De nition 2 that ( ) ( 0 ) k 1 ( ):
The possibility of successive scaling in each coordinate in turn and the commutative property of the scaling operation, allows us to state the following theorem. we see that if, in fact, ( 0 )=N 0 = ( )=N, then the z-value of 0 is greater than the z-value of ; in this case, if is a \good" lattice, then 0 is better. Because of this, the present authors decided to carry out scaling of lattices already known to be good lattices, to see whether we could discover some better lattices or \good" lattices of higher order.
In its simplest terms, the idea developed in this paper is to take a set of lattices that are known to be good, scale them in various ways and inspect the scaled lattices (which are generally of higher order) to see whether any of them are good. In some cases, if we are lucky, we may nd that the value of z( 0 ) is close to or even exceeds the upper limit of those already known. In this very fortunate case the new lattice is relatively as good or even better than the original lattice and has a higher order.
The underlying philosophy of this approach is that a calculation of this sort, while nontrivial, is orders of magnitude shorter than for example a direct search to nd (N 0 ). If in a minor proportion of the calculations, say one in a thousand, we nd a good lattice, the whole calculation can be termed a success.
The organization of this search requires some care. One can nd lattices with arbitrarily high indices ( ) by making N su ciently large. To see this simply consider the scaled versions of the unit lattice 0 . The lattice 0 = k 0 (which can be obtained from 0 using k = (k; k; : : :; k)) has ( ) = k and N( ) = k s .
In providing guidelines for the scope of the search, the following theorem is helpful.
Theorem 7 Under the hypothesis of the previous theorem, Since all k i are positive integers, we may take the geometric mean of the s equations in (2.7) and using (2.3) obtain (2.6). 2
In order to make the search nite, we choose a lower bound z (generally (2=3)z s of Section 4) and limit the search to lattices 0 for which z( 0 ) > z. >From and so is bounded by a quantity that approaches zero with large N 0 . Thus, since N 0 is restricted to integer multiples of N, the number of family members to be treated is nite.
In fact, elementary manipulation yields the following lemma. In practice (2.10) is satis ed trivially and so we may restrict our search to values of N 0 violating (2.9).
Scaling an Individual Lattice
In Sections 4, 5, and 6 we shall describe and analyze results obtained by scaling lists of lattices, all of which are reasonably good lattices. In this section we present a more detailed theory about rectangular scaling. The thrust of this section is to provide information, using which, ( 0 ) for a family of lattices may be readily calculated. Readers interested principally in the results of our numerical experiments may omit this section in a rst reading. Without loss in generality we shall assume as before that the lattice is a family root lattice (see De nition 5) and that 0 is a scaled version obtained using a scaling factor k, all of whose components are positive integers.
The behavior of ( 0 ) as a function of k is given by the function in (3.1) below. these quantities being de ned in (3.6), (3.2), and (3.3).
Proof. The theorem follows because The rst equality above follows from the de nition of and of the scaled lattice. The second follows from the partition (3.4) above. When we apply successively Lemma 11 and (3.2), we nd that the expression on the right in (3.8) reduces to the right-hand side of (3.7). 2 Theorem 9 may be obtained from this theorem by simply dividing by N 0 = k 1 k 2 : : : k s N and recognizing that, when u 6 = 0, the set ? (u) is not empty and (? (u) There is a somewhat unexpected reformulation of Theorem 12. We recall that the points of ? (u) of De nition 10 do not form a lattice. We may, however, form a lattice (u) from the points of ? (u) by adding all points of the form x y, where x;y 2 ? (u) , and iterating. This turns out to be a (u 1 + u 2 + : : : + u s )-dimensional projection of , de ned by the following.
De nition 13 Let be an s-dimensional lattice and t an s-component binary index. where (t) ; ? (u) are de ned in terms of in De nitions 13 and 10, and is de ned in
The reader will recognize that the two sides of Equation (3.15) di er only in that a single term has been changed.
Proof. To establish the lemma, we take the right-hand side of (3.15) and replace the cofactor of k (t) by the expression given in (3.14). This procedure leaves us with an expression involving two somewhat similar sets of terms. By inspection we see that, except for the principal term in which u = t there are a pair of terms corresponding to each u, one of which has a factor k (t) and the other k (u) . In all cases k (u) k (t) and the rst term can be discarded. Doing this leaves the expression on the left-hand side of Theorem 15 sets the stage for the calculation of ( 0 ) in the situation in which is de ned by a generator matrix B in utlf (Hermite Normal Form) and in which software is available to calculate ( ) for up to s-dimensional lattices from its B matrix. The problem is to identify a generator matrix of (t) .
Let B be in utlf and the binary index vector t = (0; 0; : : : ; 0; 1; 1; : : : ; 1) be a string of s ? zeros followed by a string of ones with, of course, = P s i=1 t i . In this case it is almost self-evident that a generator matrix of (t) is obtained by replacing the rst s ? rows of B by zeros. Thus, ( (t) ) may be obtained by applying the software to the -dimensional lattice whose generator is the lower right-hand minor of B.
When t = (t 1 ; t 2 ; : : : ; t s ) is not of that form, we exploit the circumstance that is invariant under permutations of the coordinate system. Thus, let P be an s s permutation matrix, and set t = Pt, B = BP, and let be the lattice whose generator matrix is B. Then ( (t) ) = ( (t) ). Thus, one nds the permutation P which takes t into t 0 of form (0; 0; 0; 1; : : : ; 1), applies it to the columns of B to obtain B, and then puts B in utlf. This problem is now reduced to the one described in the preceding paragraph.
In our numerical calculations, in pilot schemes we calculated each ( 0 ) individually using our own software. However, applying the results of the previous two paragraphs led to a much faster code. For each root lattice we calculated 2 s ? 1 constants required in (3.1). This involved calculating only one s-dimensional gure of merit A = ( ), the other constants A i;j;::: being lower-dimensional gures of merit. Then we relied on (3.1) to calculate z( 0 ) for all lattices 0 in which we were interested. These included at most those with N 0 violating (2.9).
The Highlight Lists
Applying the technique of Section 3, we have found apparently endless lists of lattices, hundreds of which are excellent or interesting by previously acceptable standards. In order not to overwhelm the reader, we are presenting our results in two parts. In this section we present two \highlight" lists. These include three-and four-dimensional lattices with exceptionally high z-values and also lattices with moderate z-values but exceptionally high values of N.
In Section 5 we shall give in more detail some of the actual results and explain precisely how they were obtained; then in Section 6 we shall comment on some aspects of these results.
To provide criteria for our lists, we have de ned an s-dimensional benchmark lattice The authors have introduced this benchmark simply because it is convenient in the context of discussing our lists of lattice rules. No intrinsic mathematical property is implied or conjectured.
The highlight lists include:
1. all s-dimensional lattices known to us having z( ) z s , and 2. All s-dimensional lattices known to us satisfying both z( ) > 2=3z s and z( ) > z(~ ) for all~ known to us whose order,Ñ, exceeds N, the order of . Tables 1{8 and A1 In Tables 1 and 2 , we identify the list from which this lattice was taken. These lists are speci ed in Section 5; the abbreviations are B = Blue, G = Green, SG = Scaled Green, and SB = Scaled Blue.
The authors must emphasize that these are lists of lattices that happen to be known to us at this time. In Section 6 we shall discuss the question of how many other lattices there may be that belong on such a list but have not been encountered yet. Only for N < N (= 4000 for s = 3 and 600 for s = 4) are these lists complete.
It is of interest to note the extremely disparate values of N involved. >From complete lists of optimal lattices of order up to N, we obtain excellent lattices of order up to say 5N, a few of these being better than any found previously. After this the list degrades in quality only slowly, containing lattices of good (but not top) quality up to order 50N.
The tail of the list is unlikely to include any optimal lattices at all. However, for these extraordinarily high orders, an example of a lattice of moderate quality is of some interest.
Undoubtedly, the most outstanding lattices on these lists are (i) a three-dimensional lattice having N = 9760, = 864, and z = 0:81319, and (ii) a four-dimensional lattice having N = 8992, = 212, and z = 1:95413.
The results of scaling the short list BP85] of ve-dimensional rank 1 simple lattices were relatively unexciting. Possible reasons for this are mentioned in Section 5. We found no lattices whose z-values exceeded z 5 , and only 25 whose z-values exceeded 2/3 z 5 . We have listed in Table 8 all the lattices known to us whose z-values exceed 2/3 z 5 . In the preceding section we presented two short lists that included the best lattices we have found so far. These were extracted from results that we outline in detail in this section. This is in order that subsequent workers can relate their investigation to ours for purposes that may include con rming or extending our work. All our work involves taking a list of lattices and treating each member of the list in the way described in Section 3. We now describe the seven di erent lists that were used as input. The three blue lists (containing only rank 1 simple lattices) have been available in the literature for several years. The two red lists have appeared in the literature only very recently. The two green lists have not been published. Each list is in a format corresponding to that used in Seven of these are repeated in the rst part of Table 8 . Each of these seven lists were processed in the same way. This process produced from the input list, three more lists. These are speci ed below in the case that the input list is the three-dimensional green list.
1. We form rst a three-dimensional raw scaled green list. 
From this, by cutting out all duplicates entries and any entries for which there is
another lattice of the same order with a higher value of , we produce a green scaled green list. We have retained this list in our les. 3. Next we use the standard procedure to produce a red scaled green list. This, as usual, retains only lattices on the green scaled green list for which ( ) > (~ ) for all~ on that list havingÑ < N. This list is given in Table 5 . Table 3 gives some information on the length and the scope of the lists in this section. Table 9 gives a breakdown of the distribution of lattices in this list and their quality. Examination of the complete red lists in three and four dimensions which appeared in LS92] and LS91] respectively shows that a proportion that varies unsteadily between 15% and 40% are root lattices, the majority of lattices on these lists being scaled lattices.
If this state of a airs were to prevail for higher values of N, then any red scaled list would omit between 15% and 40% of the optimal lattices since it cannot by de nition include root lattices.
Finally, we state one further reason that we believe these lists to be incomplete. This one is based on the actual lists, rather than on extrapolation. We have presented separately in Tables 5 and 4 a red scaled green list and the corresponding red scaled blue list. The rst contains 80 entries and appears to be an excellent list in many ways, having as far as one can see the same characteristics as the actual red list for N < 4000. However, there are some known rules missing. We know this because they appear on the clearly inferior and shorter red scaled blue list. These two lists contain six entries in common. There are eight entries on the red scaled blue list that merit inclusion on the red scaled green list, but are not there. If included, they would in total displace eight entries already there.
One sees that a few missing entries do not alter the overall nature of the list very much. The missing entries are simply replaced by entries representing marginally inferior lattices; the e ect on the list as a whole is local. Also, it is not particularly the entries with the highest z-values that seem to be missing.
Suitable Input for a Scaled List
We have listed the three-dimensional red scaled red list (Table A1 ) and the red scaled green list (Table 5 ). Only two elements N = 4185 and N = 4704 occur on both. Thereafter the red scaled red list deteriorates signi cantly when compared with the red scaled green list. However, the input red list contains all the really good elements of the input green list. The heuristic conclusion in this case is that, for scaling purposes, one does not want to start with optimal lattices having optimal N values. It appears that one will discover more if one inputs a list of good but not excellent lattices.
All our results appear to support to some extent this conclusion. We have found the red scaled blue list to be intermediate. The blue list being restricted to rank 1 simple lattices is not as good as the red list but seems to provide better scaled lattices. Any conclusion based on our four-dimensional lists must take into account that the blue list includes much higher values of N than the green list.
Theoretical support for this state of a airs can be found in Section 3. There it is noted that, starting with a family root lattice, the e ect of scaling is in general to improve the z-value at rst but then there is a steady decay in z-value. It is consistent with this situation that, for optimal values of N, the best lattices are not root lattices but are already scaled versions|but not very highly scaled. As mentioned above, the majority of the lattices on our red list are like this, and scaling them is unlikely to provide better ones.
Comments on Red Lists
It has been traditional to report results of the type treated here using red lists (i.e., lists of optimal lattices). One reason is that it is feasible to publish such a list. A red list contains in one page an excellent selection from a green list of fty pages. Another reason is linked to the numerical quadrature application in which the cost is taken to be proportional to N the number of function values and the quality of the result to . However, the present authors believe that, for the values of N now reached in three or four dimensions, the red list has become an anachronism. For many purposes a highlight list is adequate. For deeper investigation, the green list is probably needed. And, in applications, questions such as embedding of one rule in another and convenience in locating points using the relevant machine architecture may be much more signi cant than a small margin in the plot of N versus .
While the red list contains an excellent selection, occasionally good lattices are excluded because they are \in the shadow of" marginally better lattices. An example of this occurs in three dimensions with N = 9760 and N = 9800. The rst has = 864 and the second = 800, so the second does not occur on a red list. In fact, we know only three lattices with z( ) > 0:75; these are the two mentioned above and one with N = 4880. Thus, our red list has omitted what might be considered the third best lattice available. In investigations relating to the distribution of good lattices, one may prefer to know about all good lattices, even if in applications some are not going to be used.
The Tail of the List
We mentioned towards the end of Section 2 that it is trivial to nd in nite sequences of lattices having monotonic increasing ( 0 ) and N 0 . Thus, an incomplete red list can be extended inde nitely. The lists we have presented have the additional requirement that z( ) should exceed a speci ed amount z. The reader should note that this by itself need not render a list nite. In fact, numerical and theoretical evidence suggests the opposite. Our list deteriorates and so is nite simply because it can contain only a subset of lattices, namely, those which are scaled versions of root lattices having N N. Inequalities (2.8) and (2.9) apply to the scaled versions of each of this nite collection of root lattices, and so to the concatenation from which our lists are formed. It is important to realize that this deterioration is a property of our selection process and has nothing to do with the asymptotic behavior of a complete red list of optimal lattices.
Concluding Remarks
The basic contribution of this paper is the introduction of a very simple theory of rectangular scaling of lattices and a description of the behavior of ( ) under such scaling. This theory, described in Sections 2 and 3, remains to be fully exploited. In the rest of this paper we have used it only to provide lists of good lattices from existing lists. We are sure that many more applications of a more detailed and innovative nature may exist.
The rest of this paper is concerned with carrying out this scaling process on lists of lattices. By any measure, this has been very successful, producing a cornucopia of new good lattices. Indeed, so many and varied are the outputs of this process that organization and selection of results for publication has become a problem in itself. This aspect of the work is described and discussed in Sections 5 and 6.
We have uncovered many high-order lattice rules in dimensions 3, 4, and to some extent 5. The best are listed in Tables 1, 2 , and 8, respectively. These turn out as might be expected in view of the current advanced theory (see, for example, Niederreiter Nie92]). It is our hope that these concrete examples will provide a spur to the recognition and practical application of lattice rules in actual scienti c projects involving multidimensional quadrature.
Appendix: Red Scaled Red Lists
The two lists in this appendix are included to illustrate the discussion in Section 6.2. At rst glance both lists appear reasonable. However, in fact, these lists as a whole are signi cantly inferior to those given in Tables 4 and 5 , and 6 and 7, respectively, though they do contain some very good lattices. 
